Abstract. We classify curves in the moduli space of curves that are both Shimuraand Teichmüller curves: Except for the moduli space of genus one curves there is only a single such curve. We start with a Hodge-theoretic description of Shimura curves and Teichmüller curves that reveals similarities and differences of the two classes of curves. The proof of the classification relies on the geometry of square-tiled coverings and on estimating the numerical invariants of these particular fibred surfaces.
Introduction
A Shimura curve of Hodge type is a curve H/Γ =: C → A g in the moduli space of abelian varieties of dimension g that is totally geodesic for the Hodge metric on A g and that contains a CM point. Such curves are automatically algebraic. See Section 1 for a grouptheoretic definition of Shimura curves A Teichmüller curve is a holomorphic geodesic for the Teichmüller (equivalently: Kobayashi-) metric : H → T g in Teichmüller space for curves of genus g, that projects to an algebraic curve H/Γ =: C → M g in the moduli space of curves. Only rarely geodesics in Teichmüller space satisfy the second property. By Teichmüller's theorems a geodesic is generated by a Riemann surface X 0 with a Teichmüller marking together with a quadratic differential q 0 on X 0 . By [Kr81] (or [McM03] Thm. 4.1) the composition C → M g → A g is a geodesic for the Kobayashi metric precisely if q 0 = (ω 0 ) 2 for some holomorphic 1-form ω 0 on X 0 . We deal here exclusively with these Teichmüller curves.
Both Shimura curves and Teichmüller curves can be characterized by their variation of Hodge structures (VHS). See Sections 1 and 2 for similarities and differences between the two sorts of curves. One also could take the Theorems 1.3 and 2.2 as definition of Shimuraresp. Teichmüller curves.
Here we investigate whether there are curves with both properties, i.e. curves in M g that are Teichmüller curves and, when considered in A g , Shimura curves. The motivation for this is twofold: First, the VHS of a Teichmüller curve consists of a sub-local system L that is maximal Higgs (see Section 2 for the definition), its conjugates and some rest M. Not much is known about M, except that M is a 'contraction' of L (see [McM03] ) in the following sense: If γ ∈ π 1 (C) is hyperbolic, the largest eigenvalue of γ acting on a fibre of L is strictly bigger than the the largest eigenvalue of γ acting on a fibre of M. Shimura curves correspond to the case where M is as 'small' as possible, namely trivial. Second, they are curves with 'few' singular fibres: Beauville and Tan have shown that semistable fibrations over P 1 have at least 4 singular fibres resp. 5, if the fibre genus is at least two. In [TaTuZa04] the authors study semistable fibrations over P 1 with 5 and 6 singular fibres. Instead of sticking to the basis P 1 one could admit any base and ask for the following: Classify fibrations that have few singular fibres with smooth Jacobian compared to the number of singular fibres with non-smooth fibrations! The curves that are both Shimura-and Teichmüller-have no singular fibres with smooth Jacobian by Prop. 2.3.
Our main result is:
Theorem 3.1: There are only two curves that are both a Shimura-and a Teichmüller curve: The moduli space M 1,1 for trivial reasons and the family y 4 = x(x − 1)(x − t)
for t ∈ P 1 {0, 1, ∞} in genus three.
By the description in terms of VHS one deduces that a Teichmüller curve can be Shimura only if it arises as square-tiled covering, i.e. with affine group Γ commensurable to SL 2 (Z). Given the affine group of a square-tiled covering, one can effectively compute the action of the H 1 of a fibre and hence decide whether the covering gives a Shimura curve or not. But since it is hardly clear how the geometry of the covering translates into the structure of the affine group, it seems not tractable to identify Shimura curves in this way. The proof is thus rather indirect: Being both a Shimura and a Teichmüller curve imposes strong conditions on the geometry of the degenerate fibres. Exploiting these plus some geometric considerations suffices to treat the case g ≤ 3. The non-existence for larger g follows from calculating both sides of the Noether formula for the surface X in different ways. To exclude some particular cases in g = 4 and g = 5 we have to show the nonexistence of coverings with very special ramification behavior.
The Shimura-and Teichmüller curve above appears in various guises in the literature: If we consider it over the modular curve X(4) ∼ = P 1 {6 points} instead of over X(2) then it admits a stable model. The fibration hence fits in the context of [TaTuZa04] , where it is shown that the total space over X(4) is a K3-surface. The decomposition of the Jacobian of y N = x(x−1)(x−t) has been determined by Wolfart ([Wo88] ). His results imply that for N = 4 the family is indeed a Shimura curve. In [Gu03] the family is studied from the Arakelov viewpoint and [HeSc04] analyse how this Teichmüller curve intersects other Teichmüller curves.
The author thanks Frank Herrlich, Gabi Schmitthüsen and Eckart Viehweg for many fruitful discussions and especially Thomas Fischbacher, who helped the author to write a lisp program that excluded a remaining case.
Shimura curves
We start with some generalities of Hodge theory. Let f : A → C be a family of abelian varieties over a smooth curve C, let C be its smooth compactification and S := C C. We denote by V = R 1 f * Z the corresponding local system. Take any smooth completion f : A → C. Then the Deligne extension V ⊗ O C to C carries a Hodge filtration
V and the Hodge filtration form a variation of Hodge structures (VHS) of weight one. The graded pieces of the Hodge filtration together with the Gauss-Manin connection form a Higgs-bundle
where
For such a Higgs bundle the part with Higgs field Θ = 0 can be split off as a direct summand (see [Ko85] ). The remaining part (F 1,0 ⊕ F 0,1 ) satisfies the Arakelov inequality
(log(S))).
Definition 1.1. A Shimura datum of Hodge type consists of
• i) a semisimple algebraic group G defined over Q,
• ii) a vector space V with lattice L and a symplectic paring Q, which is integral on L,
defines a holomorphic family of abelian varieties over D. A Shimura variety of Hodge type is the inverse system {D(Γ)} Γ where Γ runs over the torsion-free arithmetic subgroups of G(Q) such that ρ(Γ) preserves L.
Remark 1.2. These Shimura varieties are sometimes called connected. Since we are not interested in fields of definition, canonical models etc., we deal exclusively with them and drop this adjective.
For a sufficiently small arithmetic subgroup Γ of Sp 2g and Γ = Γ ∩ ρ(G) we have a map
into the moduli space of abelian varieties with some level structure Γ. From an embedding j one obviously regains the whole Shimura datum attached to C and A g and we will henceforth call j a (representative of a) Shimura curve. From now on let f : A → C be the pullback of the universal family over A Γ g to g. We will always suppose that the monodromies around the cusps of Shimura-and Teichmüller curves are unipotent, replacing Γ by a subgroup of finite index if necessary. Theorem 1.3. A Shimura curve satisfies the Arakelov equality and its VHS looks as follows:
Here T and U are unitary local systems and L is maximally Higgs, i.e. the corresponding Higgs field is an isomorphism. If C is non-compact then U splits off over Q and over an unramified covering of C the unitary local systems become trivial.
Proof: This is a converse to the results in [ViZu04] , nowhere stated in that form though probably well-known.
First we use [Ko85] to split off the part with trivial Higgs field. Next, the representation ρ can be decomposed into a direct sum of irreducible representations, It suffices to show the Arakelov equality for each of the summands. Since we are dealing with a one-dimensional base, we claim that for each irreducible representation we have G R ∼ = SL 2 (R) × K for some compact group K and that ρ is the standard representation of SL 2 (R) tensored by some unitary representation.
To prove the claim we go through Satake's classification (see [Sa80] Ch. IV) of irreducible representations ρ 1 that might occur in ρ. Let D := End G (V ), let F denote the center of D, and F + the (totally real) fixed field of the Rosati involution. There are three cases, in each the group is given with its standard representation:
where n = dim F V . For dimension reasons we must have [F : Q] = 1 and n = 2, as claimed. Case (R2), F = F + and D/F a quaternion algebra: We have to distinguish whether the hermitian form induced by Q is fixed (denoted in loc. cit. by ε = 1) or not (ε = −1) under an involution of D. In the first case
where H/R is the Hamiltonian quaternion algebra, d = [F : Q], n = rank D (V ) and 1 ≤ t ′ ≤ d denotes the number of real places where D splits. For dimension reasons we must have n = 1 and d − t ′ = 1 as claimed.
In the second case
where SU n (H) − = {g ∈ SL n (H)|g t (jid)g = jid} and j 2 = 1. Since SU n (H) − divided by a maximal compact subgroup has dimension n(n − 1)/2 we must have n = 2. But
which establishes the claim also in this case. Case (C), D = F = F + : In this case
where (p i , q i ) is the signature of the restriction of Q to the corresponding subspace.
we have established the claim in each of the cases.
Using the claim and Lemma 2.1 of [ViZu04] , we deduce that the standard representation of SL 2 (R) gives rise to a rank-2-VHS L, that satisfies the Arakelov equality. The representation of the compact group K gives rise to a VHS U with trivial Higgs field. For such U the degree of the (1, 0)-part is zero, hence L ⊗ U still satisfies the Arakelov equality.
Since we have established the Arakelov equality, we refer to [ViZu04] to see that the VHS can be grouped together as claimed. The statements in case C non-compact are in [ViZu04] , Section 4. 2
The equivalence of the above definition of a Shimura curve and the one stated at the beginning of the introduction is due to Moonen ([Mo98] Thm. 4.3).
Teichmüller curves
Definition 2.1. A Teichmüller curve is a holomorphic geodesic for the Teichmüller (equivalently: Kobayashi-) metric : H → T g in the Teichmüller space for curves of genus g, that projects to an algebraic curve C → M g in the moduli space of curves. We demand moreover that is generated by a pair (X 0 , (ω 0 ) 2 ) of a Riemann surface X 0 and ω 0 ∈ H 0 (X 0 , ω 0 ) a holomorphic differential. Such a pair is called a Veech surface.
Let Aff + (X 0 , ω 0 ) denote the group of orientation preserving diffeomorphisms of X 0 , that are affine with respect to the charts determined by ω 0 . There is a well-defined map
, that associates with a diffeomorphism its matrix part. The image is called the Veech group of (X 0 , ω 0 ), usually denoted by Γ. Up to conjugation, we have C = H/Γ. Parallel to the case of Shimura curves we consider the curves H/Γ 1 for all Γ 1 ⊂ Γ of finite index at the same time. For sufficiently small Γ 1 there is a universal family of curves over C 1 := H/Γ 1 and the monodromies around the cusps are unipotent. Instead of carrying around the subscripts, will drop them from now on and assume that f : X → C is a stable family of curves. We will also need a relatively minimal smooth modelf : X → C with semistable fibres.
Recall from [Mö04a]:
Theorem 2.2. If f : X → C is a Teichmüller curve, then its VHS looks as follows:
Here L i are rank-2 subsystems, maximal Higgs for i = 1 and non-trivial but not maximal Higgs for i = 1. In fact M splits off over Q and r = [K : Q], where K = Q(tr(γ), γ ∈ Γ). Some euclidian geometry. Given a Veech surface (X 0 , ω 0 ). The differential ω 0 defines locally a euclidian coordinate system. With respect to this the slope of a geodesic is well-defined. By abuse of notation we call this slope and all geodesics with this slope a direction. Veech dichotomy ( [Ve89] ) states that each direction that contains a geodesic joining two zeroes or one zero to itself (a saddle connection) is periodic i.e. each geodesic in this direction is periodic or closed. The closed geodesics of a periodic direction (say the horizontal one) sweep out cylinders C i and we denote their core curves by γ i . Consider the degenerate fibre obtained by applying diag(e t , e −t ) to (X 0 , ω 0 ) for t → ∞. Say this point corresponds to the cusp c ∈ C C. By [Ma74] the stable model of the fibre X c of f is obtained by squeezing the core curves of the C i to points. Topologically the irreducible components of X c are obtained cutting along the γ i .
The zeroes of ω 0 define sections of f , if we pass to a sufficiently small subgroup of Γ (see [Mö04b] ). Let S i denote these sections. From the above description of the degeneration we deduce that the S i do not pass through the singularities of the fibres of the stable model.
Square-tiled coverings.
Teichmüller curves with Γ commensurable to SL 2 (Z), i.e. with r = 1 arise as unramified coverings of the once-punctured torus by [GuJu00] Thm. 5.9. They are called squaretiled coverings or origamis. We denote torus covering by π : X 0 → E 0 . Such a covering can be uniquely factored as π = i • π opt , where i is an isogeny and π opt does not factor through non-trivial isogenies. Such a π opt is called optimal (sometimes also 'minimal' or 'maximal'). π opt is ramified over torsion points. Given π opt we may choose π such that i = [n] is multiplication by some integer n.
For a square-tiled covering the preimages of torsion points are periodic, i.e. they have a finite Aff
, [Mö04b] ). Hence they also define sections R i of f , after we maybe passed to a smaller Γ. The degeneration description also implies that the R i do not intersect the sections S i .
A geodesic g on a Veech surface X 0 has a length with respect to the metric defined by |ω 0 |. For square-tiled surfaces we normalise the length to be integer-valued by demanding that the simple geodesic in E 0 carrying π(g) has length one. Proposition 2.3. A Teichmüller curve f : X → C does not contain singular fibres whose Jacobian is smooth.
Proof: We give two proofs: The VHS depends only on the Jacobian. If the Jacobian is smooth for some s ∈ S := C C the Higgs field Θ :
. This contradicts that L 1 is maximal Higgs. Or by topology: The nodes of such a singular fibre are separating. But a core curve of a cylinder can never be separating. 2
Both Shimura-and Teichmüller curve
The proof of the following classification will take the whole section:
Theorem 3.1. There are only two curves that are both a Shimura-and a Teichmüller curve: The moduli space M 1,1 for trivial reasons and the family
in genus three.
For short we will call these curve ST-curves. From Theorem 1.3 and Theorem 2.2 it is clear, that a ST-curve is necessarily a square-tiled covering, i.e. that r = 1 or equivalently Γ ⊂ SL 2 (Z). Moreover since by Thm. 1.3 the local system M has to be trivial, there is a subvariety A of dimension g − 1 such that A × C ֒→ Jac X/C. Fibred surfaces with this property have been called maximally irregular in [Mö02] . The abelian variety A is called fixed part of the fibration.
3.1. The non-trivial ST-curve.
Proposition 3.2. The family of curves y 4 = x(x − 1)(x − t) corresponds to the origami shown in figure 1. The subgroup π 1 (E * ) defining to covering is characteristic and has as quotient group the Quaternion group Q of order 8. The Veech group of the origami is SL 2 (Z). This family is indeed a Shimura curve.
Proof: Denote the covering map corresponding to the above figure by π : X → E. One checks that the covering group is indeed Q (see [HeSc04] for more details). In addition to that the elliptic involution lifts to an involution ϕ of X. This can be checked graphically since 180 • rotation of each square gives a well-defined automorphism of X. Counting fixed points one checks that X/ < ϕ > is of genus one. If X was hyperelliptic, the involution would have to be the lift of the elliptic involution of E. Hence the generic fibre over the Figure 1 . The Teichmüller-and Shimura curve in genus 3 above Teichmüller curve is not hyperelliptic. By [KuKo79] there are only two families of curves of genus three with an automorphism group of order 16. The one with hyperelliptic generic fibre can be ruled out and it remains the above family.
Characteristic subgroups of π 1 (E * ) always have Veech group SL 2 (Z) (see e.g. [Mö03] ). The proof that this family is a Shimura curve is [Wo88] Satz 1. 2
Degeneration of ST-curves.
We will suppose g > 1 from now on.
Lemma 3.3. The singular fibres of a ST-curve f have geometric genus g − 1, hence n components and n nodes for some n. If we consider the stable model, n is at most g − 1.
Proof: The Jacobian of the singular fibre is a semiabelian variety with non-trivial toric part. The abelian part has dimension equal to the geometric genus of the singular fibre.
Since the fixed part A of dimension g − 1 injects into the Jacobian of each fibre, the geometric genus equals g − 1.
2. We now look at the cylinder decomposition in a fixed periodic direction, say the horizontal one. As in Section 2 let C i for i = 1, . . . , n denote the cylinders in this direction.
Lemma 3.4. For an appropriate numbering the saddle connections bounding C i from the above will bound C i+1 from below (subscripts taken mod n). All cylinders C i of a ST-curve have the same length.
Proof: By the previous lemma the number of components of the singular fibre equals the number of cusps, which equals (again by the description in [Ma74] ) the number of cylinders. This is only possible if the first assertion is true and the second is a consequence of the first. Proof: Gauß-Bonnet for a surface with 2 boundary components.
2 Lemma 3.6. Each direction on a ST-curve contains at least two cylinders.
Proof: If not, there is a direction with a cylinder of length one. By Lemma 3.4 all cylinders in this direction have this property. This means that the covering is abelian and g = 1. 2 Lemma 3.7. A ST-curve has no saddle connection from a simple zero Z to itself.
Proof: Suppose that such a saddle connection S connection exists, say on the top boundary of a horizontal cylinder C 1 and on the lower boundary of C 2 . Consider the saddle connection S ′ on the left of S, viewed from C 1 . It must also be a saddle connection on C 2 , whose right end is Z. But there are only two: S and the saddle connection S ′′ on the left of S, viewed from C 2 . If we had S ′ = S ′′ then Z would not be a zero at all. 3.3. Genus three. We suppose that g = 3 and show that the origami of figure 1 is the only ST-curve in M 3 . We give here a simple geometric proof non relying on the intersection numbers on X as in section 3.4. By Lemma 3.6 and Lemma 3.3 each periodic direction has precisely two cylinders.
Lemma 3.9. All zeroes are simple.
Proof: If there was a zero Z of order three or four choose any periodic direction. One the component of this direction not containing Z, there are no zeroes or only a simple zero. This contradicts Lemma 3.5.
If there was a zero Z of order two, choose a saddle connection that connects Z to some other zero Z ′ . Again the component of this direction not containing Z and Z ′ has at most one simple zero. This is absurd. 2 Lemma 3.10. In each parabolic direction all saddle connection have the same length and the cylinders have the same height.
Proof: Suppose we fix a parabolic direction where this is not the case. Let A be one of the longest saddle connections in this direction. In particular ℓ(s) > w/4, where ℓ denotes the length of the saddle connection, normalised as in section 2, and w the width of any of the cylinders in this direction. By Lemma 3.9 the origami looks roughly as follows:
Figure 2. A potential ST-curve in genus 3
The glueing A to A ′ etc. is imposed by the fact that we have simple zeroes and by Lemma 3.7. The top line consists of four saddle connections E, F , G and H, that are glued to E ′ , H ′ , G ′ , F ′ in this cyclic order on the bottom line. We have only partially drawn the square tiling, the lengths of A, B, E, F , etc., h 1 and h 2 are integers. Turning the figure upside down we may suppose h 1 ≤ h 2 .
Consider lines emanating from Z 1 passing through A. By Lemma 3.7 the two occurrences of Z 1 on the top line have to be in the segment not hit by such lines. This segment is of length w − h 1 +h 2 h 1 ℓ(A). It contains say E and F . Hence ℓ(E) + ℓ(F ) equals at most w − h 1 +h 2 h 1 ℓ(A). We may suppose that
where the strict inequality comes from the assumption that we want to contradict. We suppose moreover that the 'short' saddle connection E ′ is the one drawn in the figure. For this we maybe have to choose the other representative of Z 1 on the bottom line and/or look 'from the back of the paper'. Now consider the lines emanating from Z 2 passing through A. The segment on the top line hit by these lines does not contain Z 2 . The intersection I with the corresponding 'hit segment' from Z 1 does not contain any zero. One calculates
This contradicts the maximality of A. 2
Proof of the Thm. for g = 3: By the Lemmas 3.4 and 3.10 we know that the squaretiled covering is of degree 8, maybe post-composed by unnecessary isogenies. The covering of figure 1 is only one that satisfies all the conditions. 2
Consequences of the Noether-formula on X.
We first show that ST-curves have a representative over a modular curve, i.e. a quotient by a congruence subgroup.
Lemma 3.11. We may take C = X(d), where d = deg(π), maybe after composing the torus covering π by an isogeny.
Proof: By Thm. 1.6 of [Mö02] a family of principally polarised abelian varieties of dimension g having as fixed part some abelian variety A of dimension g − 1 exists over some X(d 1 ). Here d 1 is defined as follows: In case the principally polarised abelian variety is a Jacobian J(X), we let d 0 be the degree of the covering X → E, where E is the complementary abelian variety of A in J(X). If d 0 > 2, then d 1 = d 0 , else we take d 1 be some multiple of d 0 to get rid of torsion in the congruence subgroup. In both cases, we can arrange that d 1 divides d. What remains to show is that in case the family comes from a ST-curve (i.e. consists exclusively of Jacobians) the family of curves exists over some X(d). By loc. cit. Prop. 1.7 the generic fibre of a ST-curve with g ≥ 3 cannot be hyperelliptic. We claim that the family of curves over C exists, if we take C → X(d) ramified of order two at all the cusps. Indeed the failure of infinitesimal Torelli at the hyperelliptic locus in g ≥ 3 might force us to pass to a ramified cover, but a double cover is always sufficient and the cover does not need to ramified inside X(d) since otherwise the local system L 1 of the Teichmüller curve would no longer be maximal Higgs.
2. In the sequel we will sometimes enlarge d further if necessary.
On a smooth minimal surface X we have the Noether equality
For a fibred surface with fibre genus g and base genus b we have
We will hence use the equality in the form 12 deg f * ω X/C − F sing.
Here the sum runs over all singular fibres F of the minimal semistable model with smooth total spacef and ∆χ top denotes the difference of the topological Euler characteristic of F and 2 − 2g.
From [Sh71] we know that
and that the number of cusps is
For a Shimura curve with fixed part of dimension g − 1 the Arakelov equality states that
We start calculating c 1 (ω X ) 2 and c 2 (ω X ) for a square-tiled covering. Note that ϕ : X → X only contracts (−2)-curves and hence ω X/C = ϕ * ω X/C . Let g : E → X(d) = C be the universal family of elliptic curves with full level-d-structure. We extend the latter to a smooth minimal modelg : E → C. For a suitable blowup b : X ′ → X in the singularities of the singular fibres the covering map π extends to π : X ′ → E. Recall from the discussion preceding Prop. 2.3 the definition of the sections S i and R. (We have tacitly enlarged d). Suppose the Teichmüller curve lies in the stratum with signature (k 1 , . . . , k s ), i.e. in each smooth fibre F of f the zeroes of ω| F have multiplicity k 1 , . . . , k s . The generating differential ω 0 defines a subbundle L ⊂ f * ω X/C . By definition the cokernel of f * L( k i S i ) → ω X/C is supported in the singular fibres.
Lemma 3.12. The sections
Proof: Kodaira has calculated ([Kd63] (12.6) and (12.7)) that the zero-section σ 0 of E has selfintersection σ 2 0 = −d∆ d . The blowup b is an isomorphism outside the singularities of the singular fibres of f and S i does not hit these, see the description of the degeneration in Section 2. Hence
The same argument applies to the section induced by unramified torsion point R and yields
Lemma 3.13. On a smooth minimal modelf : X → C of a ST-curve coming from a square-tiled covering we have
where F denotes a fibre.
Proof: We claim that ω X/C does not contain components of singular fibres but only the complete fibres. Once the claim is established the number of these fibres is −R 2 = d∆ d by the adjunction formula. For the claim note that for each component B of a singular fibre we have g(B) = k i /2 where the sum is over the sections S i that hit the component. On the other hand B 2 = −2 since the component hits the rest of the fibre in two points by Lemma 3.3. Again the adjunction formula says
This is possible for all components only if the claim is true. 2 Although we will calculate more precisely, let us note here:
Proposition 3.14. ST-curves exist only for g ≤ 6.
Proof: Since g ≥ 2 and since we may suppose that g(X(d)) ≥ 2 by enlarging d, the surface X is of general type and hence ω X/C is nef. Since there is at least one singular fibre we have
Solving for g gives the desired inequality. 2 We now come to the calculation of ∆χ top . The cokernel of Φ(π opt ) has been determined in [CoSt01] Theorem 6.1: Note that π opt is optimal by definition, the degeneration of E is toric and their Theorem not only works over a p-adic field but over any field complete with respect to a non-archimedian valuation. The cardinality of the cokernel equals
where m Jc is defined as follows: Let X Ec resp. X Jc be the character group of the toric part of E c resp. J c and let L be the saturation of
, where α is induced by the monodromy pairing. In our special case this becomes much simpler: since X Ec ∼ = H 1 (Γ Ec , Z), where Γ Ec is the intersection graph of the components of the singular fibre and X Jc ∼ = H 1 (Γ Jc , Z), we conclude that L = X Jc by Lemma 3.3. Thus in our case m Jc = 1 and |Φ Ec | = d and we obtain the above formula.
Finally the number of singular fibres is the number of cusps of X(d) by Prop. 2.3.
2 When we insert the results of the previous Lemmas into the Noether formula we obtain: Corollary 3.16. For a ST-curve we have
Hence such curves exist at most i) for g = 3, signature (1, 1, 1, 1) and d opt = 2 which have been studied in section 3.3, ii) for g = 4, signature (1, 1, 1, 1, 1, 1) and d opt = 4 or iii) signature (2, 2, 2) and d opt = 3 or iv) for g = 5, signature (2, 2, 2, 2) and d opt = 9.
Meanwhile we have significantly strengthened Lemma 3.4. Proof: Suppose that in a fixed direction the ST-curve has n cylinders of height h i , hence
where w is the length of the cylinder in that direction. The stable fibre over the correponding cusp c has n components, but to obtain the semistable fibre in X one has to replace the node between the i-th and (i + 1)-st components by h i d w − 1 rational curves. Hence the semistable model is a ring of
curves. Since m is independent of the cusp by the previous Proposition, so ist w. Suppose there is a ST-curve with these parameters. We may suppose that π = [n] • π opt . Hence the ramification points of π opt lie over n-torsion points of the intermediate elliptic curve (denoted by E n ). Consider the cylinder decomposition of E n {branch points} in a fixed direction. Preimages of these cylinders are cylinders of X. Since g = 4, by Lemma 3.3 and Lemma 3.4 either each cylinder has only one preimage or there is only one cylinder in this direction, i.e. the ramification points all lie on one line. Looking at an orthogonal direction, that latter contradicts Cor. 3.17.
Applying an element of SL 2 (R) we may suppose that E n = C/(nZ [i] ) and that three of the branch points are (0, 0), (a 1 , 0) and (0, b 1 ), where a 1 , b 1 ∈ {1, . . . , n − 1}.
We distinguish according to the number b of points over which π opt is ramified.
Lemma 3.18. There is no ST-curve with b = 6.
Proof: By Lemma 3.3 and Lemma 3.5 each component of the degeneration of the marked curve (E n , {branch points}) in each direction contains precisely 2 branch points. Indeed, if there was a component that contained 4 branch points, the degeneration in any different direction would have components containing a single branch point.
With three branch points normalized as above, the remaining lie at (a 2 , b 1 ), (a 1 , b 2 ) and (a 2 , b 2 ) for a 2 , b 2 ∈ {1, . . . , n − 1}. Shifting the zero we may assume a 1 < a 2 and b 1 < b 2 .
Looking at the degeneration with slope 1 and the component containing (0, 0) implies a 2 = b 2 or a 1 = b 2 (maybe after interchanging the roles of a i and b i ). In the first case, looking at the degeneration with slope −1 and the component containing (0, 0) implies a 1 = n − b 2 and a 2 = n − b 1 (or vice versa, which gives a similar contradiction). Looking at slope 1 again and the component containing (a 1 , 0) implies a 2 − a 1 = b 1 . Looking at slope −1 again and the component containing (a 1 , 0) implies a 1 = b 1 . This system of (in-)equalities contains a contradiction. The second case is similar. 2
The cases b = 4 and b = 5 are easily excluded with the same arguments.
Lemma 3.19. There is no ST-curve with b = 3.
Proof:
The covering π opt is given by a homomorphism ϕ : π 1 (E * n , P ) → S 4 . Here E * n denotes E n punctured at the branch points. We use the standard presentation of the fundamental group with generators α, β, γ i as drawn in Figure 3 Figure 3 . A standard presentation of π 1 (E * n ) for 3 punctures γ 3 γ 2 γ 1 β −1 α −1 βα = 1 (paths are composed form the right to the left). That fact the the preimage of each cylinder of E * n is one cylinder can be translated in the following condition: For each path γ representing the core curve of a cylinder ϕ(γ) is a 4-cycle. Since α, β and αβ −1 respresent core curves (of slope 0, ∞ and −1 resp.), we would have that the product of 4-cycles is again a 4-cycle. This contradicts the parity. 2 3.6. Case g = 4, signature (2, 2, 2) and d opt = 4.
We continue with the setting of the previous section. Here b = 3 and we use again the presentation of the fundamental group as in Figure 3 .
Lemma 3.20. There is no ST-curve with these parameters.
The covering π opt is given by a homomorphism ϕ : π 1 (E * n , P ) → S 3 . According to the signature, the loops around the punctures map to 3-cycles and so do α and β by the cylinder condition. Hence ϕ : π 1 (E * n , P ) → Z/3 = σ . Choosing σ suitably the standard relation forces that ϕ(γ i ) = σ for i = 1, 2, 3. Consider the horizontal zylinders. They force (α and) αγ 3 to be mapped to a 3-cycle. Hence ϕ(α) = σ. The slope (−1) implies that αβ −1 maps to a 3-cycle, hence ϕ(β) = σ 2 . We may suppose that the puncture coorresponding to c 2 lies (as indicated in the figure) in the upper half. Then βαγ 3 α represents a cylinder of slope 1/2. But since this path is not mapped to a 3-cycle, we obtain a contradiction. 2 3.7. Case g = 5, signature (2, 2, 2, 2).
The proof of the main theorem will be concluded by Lemma 3.21. There is no ST-curve in g = 5 with these parameters.
Proof: Suppose that π opt is branched over 4 points, the case of less branch points is similar but more easily to exclude. There are two cases: Either the 4 branch points are precisely the 2-division points or there is a direction that contaions 3 cylinders. We give the full details for the second case. Choosing two directions suitably and applying a matrix in SL 2 (R) we may suppose that the (up to 4) punctures of E n lie as indicated in and the signature implies that in case of 4 branch points ϕ : π 1 (E * n , P ) → S 9 maps all γ i to 3-cycles. Let the coordinates of the punctures be P 1 = (x 1 , 0), P 2 = (x 2 , 0), P 3 = (0, y 3 ) and P 4 = (0, y 4 ) (mod n). We may suppose x 1 < n/2, y 4 < n/2 and finally x 2 ≥ y 3 , reflecting along the diagonal if necessary. First we show that Cor. 3.17 implies that ϕ maps the core curve of a cylinder to a 9-cycle. Indeed, the alternatives consist of mapping them all to the identity or to a product of three disjoint 3-cycles. Take a direction such that E * n has at least two cylinders in this direction. The alternatives would imply that the covering X has at least 6 cylinders in this direction. This contraditcs g = 5 and Lemma 3.3. The rest of the proof consists of listing a sufficiently large number of loops that are core curves of a cylinder.
Since the curve α represents the core of a cylinder of slope 0, we may suppose that ϕ(α) = (123456789) and that ϕ(c 4 ) is one of the twenty 3-cycles up to cyclic permutation. Furthermore αγ 4 and αγ 4 γ 3 represent cylinders of slope 0, β, βγ 4 α −1 β −1 αβ can be written as product γ 2 γ 1 of two 3-cycles. To obtain more conditions we distinguish whether y 3 ≥ n/2 (Case A) or y 3 < n/2 (Case B) and whether x 2 ≥ n/2 (Case X) or x 2 < n/2 (Case Y ). By the above we may suppose that Y implies B. In case A the loops βαγ 4 γ 3 αγ 4 and αγ 4 αγ 4 γ 3 γ 2 γ 1 β −1 represent cylinders of slope 1/2 resp. −1/2 and in case B the loops βαγ 4 γ 3 αγ 4 γ 3 and αγ 4 γ 3 αγ 4 γ 3 γ 2 γ 1 β −1 do this. In case X the loops αβγ represents a cylinder of slope −1/3, depending on the position of P 3 and P 4 relative to n/3 and 2n/3. In case B one obtains a similar condition for the slopes ±1/3. Finally in case X one of the loops An exhaustive (computer, using e.g. [Fi02] ) search reveals that there are no images of β and the γ i in S 9 , in fact A 9 , that satisfy the condition that all the above-mentioned core curves of cylinders are mapped to 9-cycles. 2
